
ST/GPH 404: Multiple Linear Regression

1 Introduction

In the lectures so far we have focused on how data is collected and can be analyzed using cross
sectional designs at a given point in time. We saw how we could use this information to study
the effect of independent variables upon a dependent variable of interest. One of the central issues
in epidemiological study design is confounding. A confounding variable is a variable associated
with the outcome of interest and also with the exposure or risk factor of interest that modifies the
relationship between the effect of the exposure/risk factor on the outcome. One way of dealing
with confounding is stratification which is discussed in Chapter 10 of the required text. We
would focus on another very popular technique of handling confounding variables- multiple linear
regression.

2 Multiple Linear Regression

Let X1 denote a risk factor or an exposure (say, obesity or treatment) and an outcome or dependent
variable, Y. A simple linear regression relating the two can then be given as:

Ŷ = a0 + a1X1 (1)

where a1 is the estimated regression coefficient quantifying the relationship between the risk fac-
tor/exposure to the outcome.

Since health outcomes have multiple contributing cases we might be interested in studying
them simultaneously. Suppose we add another variable X2 (say, age) to our equation. The new
equation or the multiple linear regression equation can be written as:

Ŷ = a0 + a1X1 + a2X2 (2)

where a1 is the estimated regression coefficient that quantifies the association between the risk
factor X1 and the outcome, adjusted for X2.

A natural question to ask here is if X2 (or, age) is a potential confounder. An intuitive way to
go about this is to assess the extent to which the regression coefficient associated with X1 changes
as you move from the simple linear regression equation to the multiple one. As an informal rule,
if the value of a1 changes by more than 10% between equations (1) and (2), X2 is a confounder.
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Once a variable is identified as a potential confounder, we can use multiple linear regression
analysis to estimate the association between the risk factor and the outcome adjusting for the
confounder. Tests of significance can be conducted to determine if the association between the risk
factor and the outcome is statistically significant.

Statistical Significance and P-values

Statistical significance means that the results we observe are unlikely due to random
chance. Consider the magnitude of a1 in equations (1) and (2) again. Intuitively, if X2 is a
confounding variable, the values for a1 in these two equations would be different. The real
question to ask here is if this difference is big enough to be due to the addition of X2 or
just because of random chance. If the difference is big enough, we can attribute it to the
addition of X2 and say the differences are statistically significant.

P-values based on appropriately designed hypothesis tests can be used to say if something
is statistically significant or not. We say something is statistically significant if the P-value
is less than α where α is a predetermined level of significance. α is commonly takes as 0.01,
0.05 or 0.1 depending on the objective of the study.

Epidemiologists these days are trying to move away from using p-values to base their con-
clusions. An alternative way to do inference is to use confidence intervals. What do we
mean when we say we have a 95% confidence interval that our interval contains the true
slope value? Formally what this means is that “95% of samples of this size will produce
confidence intervals that capture the true slope.”

Example:Based on the data collected in the seventeenth examination of Framingham Offspring
Study, a simple linear regression analysis to predict systolic blood pressure on the basis of BMI
gives the following results:

ˆSBP = 108.28 + 0.67 BMI

If additional regressors (age in years), sex (1 for Male, 0 for Female) and treatment for hypertension

Table 1: Simple Linear Regression Analysis

Independent Variable Coefficient t-statistic 95% CI
Intercept 108.28 62.61 (104.89 , 111.67)

BMI 0.67 11.06 (0.55 , 0.79)

(1 for yes, 0 for no) are also considered along with BMI in the study, the multiple linear regression
analysis gives the following results:

ˆSBP = 68.15 + 0.58 BMI + 0.65 Age + 0.94 Male sex + 6.44 Treatment for hypertension
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Table 2: Multiple Linear Regression Analysis

Independent Variable Coefficient t-statistic 95% CI
Intercept 68.15 26.33 (63.07 , 73.23)

BMI 0.58 10.3 (0.46 , 0.7)
Age 0.65 20.22 (0.59 , 0.59)

Male sex 0.94 1.58 (-0.23 , 1.57)
Treatment for hypertension 6.44 9.74 (5.15 , 7.73)

Answer the following questions based on the output above. (Take α = 0.05)

1. Interpret the coefficient for BMI in the simple linear regression equation.

2. Interpret the coefficient for BMI in the multiple linear regression equation.

3. Interpret the coefficient for slope in the multiple linear regression equation.

4. Can age, sex and treatment for hypertension be treated as potential confounders in the
prediction of systolic blood pressure?

5. Which of the independent variables are statistically significant?
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3 Hypothesis Testing in Multiple Linear Regression

Once we fit a multiple linear regression model and obtained estimates of various parameters of
interest, hypothesis testing helps us answer questions about the contribution of different factors in
the prediction of our outcome variable. There are three types of such questions:

3.1 Overall Regression Tests

Question: Taken collectively, does the entire set of explanatory variables contribute significantly
in the prediction of the outcome or to the explanation of variation in the outcome?

Suppose we have a model containing k factors or independent variables. The null hypothesis for
this case can be stated as: “All k independent variables considered together do not explain the
variation in the response outcome. ” In other words:

H0 : a1 = a2 = ... = ak = 0

This null hypothesis can be tested using F -statistic in the ANOVA table with (k, n-k-1) degrees
of freedom.

3.2 Tests for a Single Variable

Question: Does the addition of one particular independent variable add significantly to the pre-
diction of response over and above that achieved by other independent variables?

Suppose you have a model containing k-1 independent variables. You add another regressor Xk

to the model to see if it improves the prediction of outcome along with the other variables. The
null hypothesis in this case can be stated as : “ Factor Xk does not have any added value to the
prediction of the outcome given the other factors already included in the model.” In other words

H0 : ak = 0

To test such a hypothesis, on can use

tk =
ak

SE(ak)

in a t-test with n-k-1 degrees of freedom, where ak is the estimated regression coefficient associated
with Xk and SE(ak) is the estimate of standard error of ak.

4



Example: Ultrasound measurements were taken to measure the systolic pressure of the hepatic
artery at the time of a liver transplant and then 5-10 years later for 21 patients. Consider the
pressure measurement taken after 5-10 years as the response or outcome variable (Y) and the
measurement taken at the time of transplant as one of the independent variables (X1). Consider
gender (1 = male, 2 = female) and age (in years) as additional independent variables. The resulting
ANOVA table and multiple linear regression (MLR) analysis is given below.

Table 3: ANOVA Table

Source of Variation SS df MS F-statistic p-value
Regression 1810.93 3 603.64 12.158 0.0002

Error 844.02 17 49.65
Total 2654.95 20

Table 4: MLR Table

Variable Coefficient Standard Error t-statistic 95% CI
Pressure at transplant 0.381 0.082 4.631 (0.325 , 0.437)

Gender 1.740 3.241 0.537 (-0.493 , 3.973)
Age 0.935 0.395 2.366 (0.663 , 1.207)

Answer the following questions based on the results above. (Take α = 0.05)

1. What can you conclude about the overall regression model?

2. What can you conclude about the individual contribution from gender?
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4 Risk Difference and Risk Ratios

Example: A study was conducted in US in 1991 to study the relationship between infant mortality
rates and the mother’s marital status. The simple linear regression model is given by:

ˆRisk = 0.0065 + 0.007 status

where status is a categorical variable taking value 1 for unmarried mothers and 0 otherwise.

Interpret the regression coefficient for status in this case.

The researchers fitted another model to the same data set called a log-linear model:

ˆlog(Risk) = −5.0385 + 0.7531 status

Can we calculate the risk ratio in this case?
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